Quick Reference to Quantum Mechanics Ver.0.5n

Commutation Relation

[A,B]=—[B, 4] [AB,C1=A[B,C]+|[A,C|B
[A,[B,C]|+[B,[C,A|]+[C,[A,B]|=0

Phe P = A+ (B, A+ + (B, (B, [B, A]-]) + eBF(A)e=P = F(eBAeB)
[A,B]=Cnum = [F(A),B]=F'(A)[4, B eA+B = pAgBe 314 Bl
AAAB ;%|<[A,B]>| where AA= /(A — (4))2) = /(4% — (A)?

h =27h : phase space volume for one quantum state in 1-dim.

Minimum Wave Packet: AAAB :%|([A,B]>|
[([A, B])(A = (4)) =2(AA)*(B — (B))]|¢) =0
A=%,B=p = 1)=Const x exp [%(ﬁ)(:ﬁ - <:ﬁ>):|exp[%]
Pz, t) = (z[y) (x|2) = 6(x —2') D la)]=1
Expansion with Eigen Ket [ |¢,) = E,|¢,) ’
[0,8) =5 16a) (dule™ 7, 11
=3 o T 1)

n,r,x’

= Z |x)G(x, t; 2’ t") (x|, t))

(@A) =) (e|Al){a|v) = Auwrth(2)

(A= (y]A|y) Expected value

Schrédinger Equation

p=—ihV T=x Coordinate representation
Al t)=ih 2, t) o2 (@) e b =in L, 0
3 at 3 2m ) at 3
1 i(p‘w—Et)
xr,t)=—7reh Plane wave

p—p—qA=—ihV — ¢A with vector potential B=V x A
Heisenberg Representation

Ut t)= e wH (=) Evolution operator
Time Evolution of Eigen State U : Unitary Ur=u-!

. _ip,

U|¢n> =e " t|¢n>
Os : Schrodinger representation On Heisenberg representation



(W)=, to)u = ¥(t=t0))s = U (t, to)|¥(t))s : State

. . 0 . .
On(t)=U"'(t)OsU (t) ZﬁgOH(t):[OH(t%H}
[As, Bs] = Cs = [An, By] = Cu

A2 A
Tu=PE Ly dpg=Pu Ay O
HH_2m+V(TH) = dtTH m dtpH_ %HV(TH)

Wave Function in Heisenberg Representation
du(t)|z, t)yu=z|z,t)u, ©|x)s=z|z)s: Coordinate eigen ket at time ¢
H(‘Ta t|1/]>H = S<$|wa t>S

Interaction Representation

H=Hy+V
Or= et ! Og ettt ()= p()s
iSO =Vilw(0) Vizenh gentie
0 A A 5
ZFLEOI(t) = [Ol(t), HO]
[Asa BS] = CA'S = [AI; BI] =y
A2 A
g i o d . _pr d . 0 .
Hy= 2" =2 = ——
0= PV = im0
Evolution Operator
U(t" ') =exp {%ﬁ(t” - t’)}
U’: A state in Schrodinger picture at ¢'. U"”: The state where U’ will turn out to be at t”.
\I/// — U(t/l’ t/)le/
Matrix elements: (¢”|U(t",t")|q") = {(q",t"|q’,t’)
Probability Flux
§(@1) = (T — (Vi) -
o m v=\/ple, D™ = j=Lvs
=—Im(¢*"V)
m
N Op . . o
plx,t)=y*y o +Vj=0: Equation of continuity
Harmonic Oscillator
1-Dimensional Harmonic Oscillator
i Zi L 22 i = /TP
2m 2 2h mw ot
< 1 > Mo ip @, a7} =1
ata 4= st = /25— 2
2 “ 2h (z mw>
[fd,d]=—a [ata,af]=at
. . 1
afln) =+vn+1n+1) dln)=+/nln—1) |N>=ﬁ(af)”|0>
n!

Eigen Function



Hn(z)(l)”exp(ZQ)(%) exp(—22%) : Hermite polynomials
Coherent State
dla)=ala) acC
1 — a" 1

a)=exp (ad’ — a*d)|0) = ex (—aQ) —n ala’y =ex (—aa’Q)
|a) =exp ( )|0) = exp 2||;m|> (ala’) =exp| —5 |
/da|a>(a| =7 : Over complete
it —atd = L(pi —2p = /22 4i-L )
aa'—a*a h(px zp) where a o x—i—zmw
(alz]a) =2 (alpla)=p

Az?=(a|( — (2))?|a) = (0]£2]0) = o2

«

Ap*=(al(p — (p))?|a) = (0[p2|0) =

Time Evolution of Coherent State

la(t)) =exp (—%wt)exp[a(t)dT —a*(t)a]|0) a(t)=ae ™!

W
h

h
o (a*(t) +a(t))

\/ |a|cos (wt+0)

hmw

p(t) = (a(®)|pla(t)) =iy/——=(a™(t) —a(?))
=—+v/2hmw|alsin(wt + ¢)

Orbital Angular Momentum of Particle

x(t) = (a(t)[2a(t)) =

ﬁf/:’f’ Xﬁ [LAi,LAj]:ieijkLAk
[Ls,L.)=FL+ [L* L.)=[L% L+]=0 Li=L,+iL,

[ofy =2 [l +1) [l =12 [a(F—1)
. .0 0 - 9] 0
Lm——z(—sm@%—cot&:omp%) L, —z(cosgoae cot@smgoa )
ol O . 0 ~ ; 0] 0
—ete| <L i ] 7
Li=e (aoJrzcotH&P) L_=e ( 89+zcot98¢)

~ 0 o 1 a(f. ,0 1 (0)

La=—15; L=—ue @(Sm@@)—smzo(%)
Eigen State

L1, m) =11+ 1), m) L.|l,m)=mll,m)

Hamiltonian



5 21/ 0\2 hiL?
= — —— 2 = —— E— [
H = mV +U(|r]) ( ) r+2mr2+U(|r|)

If we let o(r, 0, @) = U(:)Ylm(t?, )
[%(dir) +%+U(|r|)]U(ﬂEu(r)

Yiml0, )= V%eimw(_l)w\/(% ;L(llzt(lln_ﬂ')rrl)! B (cos0)

_1)! I+m
where P™(z)= ( 1.) (1 —1132)’"/2(%) ’ (1— 2%

Lill,m)=y/UFm)I+m+1)|l,m+1)
Spin Angular Momentum

Pauli Spin Matrix

(01 s (0 =i Y
=\10 27\ oo 37V o -1

ilj—

e — S i — 1 io3  —ioy s e — 98 .
0,05 =10;; + 1€ j0, = Loy 1 io1 005+ 00;=20;;
iO’Q 72‘0'1 1
(0-a)(o-b)=a-b+io-(axb) (o-p)?=p?

{o-(=iV—qA)H{o - (—iV —qA)}p=(—iV — gA)’p — qo - (V x A)p
exp (ifo;) = cosh + io;sinf

Composition of Angular Momentum

Clebsch-Gordan Coefficient

71, J2 : given
| 71J2: mama) = [j1,m1) @ |2, ma) or |jijz; jm)

jujes gm) =Y (juja; mamaljrja; jm)|j1,ma) © | ja, ma)

(41723 mimalj1je; jm) : CG coefficient
_ (]+m)' 1/2Aj7m.._..
|J1j2,]m>|:(2j)!(jm)! JZ |.71]2a.7.7>

Racah's formula

. Lo - ( J+a ]2)|(J Ji 32)|(3 J1+Jj2)! 1/2
: Ljm) =251 I
(j172; mama|j1ja; jm) J [ Gt it ot 1)

X [(j1+m1)k! (= ma)! - (Ja+ma2)! - (Jo —ma)! - (o +ma)! - (o — mo)!]H/?
Xy (_kl!) [(J1+J2—J— k) (J1—m1— k) (j2+ma—k)!
k

(= detrmit k) (51— ma+ k)]
d-function

& (0)=(j,nle= %] j,m)

dgl,m(e) = dj—m,—n(e) = (_1)n_md$n,n(9) dj (9) = (_1)j+nd31,—m(7r - 9)

n,m



1/2 1/2 ( o .0
d1§2,1/2 d1§2,—1/2 _ | Cosg Tsing
1/2 1/2 - k

O

d—1/2,1/2 d—1/2,—1/2

1-+cosf _sin9 1—cosf

2 2
dil d%’o d%’fl sin 6 v2 sin 6
dtl),l dtl),o dtl),—1 = NG —cos 6 7\/5
1 1 1
d—11 doy,0 d=y1 1—cosf sinf 1+4cosb
2 V2 2

Perturbation Theory (7=1)
Holn) :iﬁm) I, £) = Uo(t, to)|m, to) = e~ En(t=t0)] 1)

(Ho+V)[4) *Z—|1/1> [0, 1) =U(t, to)|¢, to)
Integral equation on U(t, tg)

U(t,to) =Up(t,to) — i/t dt'Uo(t, YV (U(t', to)

to

Perturbation Expansion Ult,to) = Up(t, to) + UMD (¢, to) + U (t, to) + -

t
UM(t,t0) = —i/ dt'Uo(t, t")V (') Uo(t', to)
t

N2t t’

Ut to) :(2—2')/ dt’/ dt"Uo(t, ")V (" Uo(t', ")V (£ Uo(t", o)
(—i)? i "

:T/ dt’/ dt"T[Uo(t, t" YV Uo(t', ")V (t")Up(t, to))
to to

Ut t0) =Up(t, to) Texp [—z‘ / " i Uo(to, ) V(YU (2 to)]

to
where 7 is time ordering operator (T-product)

Transition Amplitude

t ) ,
AN = (F,11UD(,10)i, to) = —i / dt'Vpi(t')etBr =Bt =to)

to

Vi) = (f, tolV(E)]1, t@z/daz’qﬁ*}(z’ to)V(z',t")gi(a’, to)
(2) 22/ dt’/t AV g ()i B En) @ =t0) (1) i (Bu =B (¢ ~to)

In case that V is independent of ¢
to— —0o0 t— 400
Tr=(f,00|U(c0,—00)li, —00)

T} )——QFZVfl(S(Ef— )
(2) _ 1 S(Es— E,
T} ——27722 an L. 1 V ni0(Ef — E;)

Fermi Golden Rule

2m Van 5
Wi p =M sz+z I Vi=(fIVIi)
n#i
Number of the final state per unit ener dn =§(E;—E; )igp
p- p &Y 74 dE f (27h)?



