Quick Reference to Mathematics in Physics Ver.0.7a

Method of Lagrange Multipliers
Theorem

Dcin f:D—¥R4 (C"-class) r>1

h:D—R (CT-class)

Consider that a € D gives an extremum of h(x) on the condition f(x) =0 (z € D).
If rank of (df)q is ¢, then

I RI— R : linear (dh)o=Ao(df)a
We let f=(f1,+ f)

q
A, Ag Qih(a) ="y \difj(a)
j=1

A1, -, Ag : Undetermined multipliers

Residue
o0
flz)— Z an(z —a)™ : Laurent expansion a_1 : Residue at a
n=-—oo
DcC: v=0D Single closing curve

f(2) : Regular on D except a1, -, ay

L/f(z)dz = Z Res(f, a;) Integrated forward direction of D
2mi /., =
i. Pole of 1st order at a € D Res(f,a)=1lim (z —a) f(2)
9" D(a)
ii. Pole of n-th order at a € D 9(z2)=(z—a)"f(2) Res(f,a) :W
Lemma

eiz
dz
C z

7  — Rsin6 /2 .
g/ € Rd9:2/ e~ Rsind gy Cr
Y 5
w/2 el

<2/O e*@R/“)"de:%a —e ), — 0 R R

Curvature

r=x(t) t: Parameter

dx ds |dx
We rewrite  with s(t) / 71 dt 7= a r=1x(s)
dx . .

t(s) = s : Unit tangential vector

dt dt do n : principal normal vector

—=——=—=Kn K : curvature

s df ds p=k""1 :radius of curvature
Variational Method

1= [gaupogds  p=ple) D

p—+op 0¢p=0 on 0D



_ 99 , g _
0I=0 = 95 alaai(p_o

Undetermined Multipliers
/h(x,-, v, 0;p) =1 : Constraint
D

- of 5 of _
f=g+Ah 5, 0555 =0

Solution : oy = (x;, \)
Lh(l’z‘, P2, 0i02) =1 = A

Vector Operation
A-(BxC)=B-(CxA)=C-(AxB)
Ax(BxC)=B(A-C)-C(A-B)
A=e(A-e)+ex(Axe) e : unit vector
Vipy) =eVi+yVe
V. (pA)=A-Vo+¢V-A
Vx(pA)=Vex A+ ¢V x A
V(A-B)=(A-V)B+(B-V)A+ Ax(VxB)+Bx(VxA)
V- (AxB)=B-(VxA)—A-(VxB)
V() = oV + V3o +2(Ve- V)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B
Vx(VxA)=V(V-A)-V?A

V x (V(p) =0 Eijkffljk:26z‘l
V- (VxA4)=0 1 Eijk Elmk = it Ojm — dimbji
Ax(VxA)=—(A- V)A+§V(A2)
d i.k)=
V(o) =V | 6992029
df d2f Cijk=9q —1 odd
2 _ 2 2
Vi) = %V P+ d_(p2(V(p) 0 otherwise
Position Vector r=x&+ yy+ 22
Vxr=0 V.-r=3 Vir|=r
A : Constant vector
V(A -r)=A V x(Axr)=2A V- -(Axr)=0
Theorems of Vector Integral
Gauss’ theorem / V- -Adv=| A-ds
1% av

B 2.0 2 — %7 8_90
Green’s theorem K/(@V =YV Sﬁ)dv/av< an %)ds

1 . . .
When ¢ = — V21 = —p, this is a solution of Poisson eq.

Stokes’s theorem /(V X A)-ds= % A-dt
S C

Jacobian




on oh ok

a(fla ) f’ﬂ) —_ axl al'2 arn
Oor ) | o, of
I

Curvilinear Coordinates

Cylindrical Coordinates

Vo= a¢f'+—%0+%ﬁ &\ [ cosf —sinf 7
or r 00 0z i 1=\ sing 9 .
10, 4y, 104 04 Y sing - cos 0

VA= AT
(104, 0A,\. (04, 0A.\s (10 104,

VXA(?W W)”(az m)”(?m(”‘” - o0 )z

2510 (00 1 0% 0%

V¢_rar< o )tz T

Spherical Coordinates

T sinfcos ¢ cosfcos ¢ —sin @ 7
7 |=| sinfsinp cosfsiny cosgp 0
2 cos 6 —sin 6 0 @
9. 1095 L 06 .
Vo= 3% T 0,7
10, 19 1 04,
VA= 287"( T)+7“51 989(Sln9 )+rsin9 Op
1 0 0Ap\, ,1[ 1 0A. O N
VXArsint?{(%‘( nbA,) = O }r Jr?{sinﬂw E(TALP)}O

10 0A, | .

L6 19 a0 1 P
2 — —
V=12 &(T B ) t i %me ae( nf ae) T %sin?g 8,2

Ellipsoidal Coordinates

22 y? 52
N=zo e
: family of confocal quadric surfaces

Among the family, there are 3 surfaces including a given point (z,y,z) (g '\ e
and let their \’s be &, n, ¢ [—a?< (< —-b2<n<—c?<{]. -1
A=¢&, n, and ¢ give an ellipsoid, hyperboloid of one sheet and of two \I H

sheets, respectively. This set of (&, n, () gives a point in the ellipsoidal
coordinates, which corresponds to (z,y, 2).

a? a® a? 2 2 2
o j[\/(6 JEbQ )—( Z;)L(CQ)ECaJQF) : e j[\/(6 tch ),( Z;)L((bﬂ)ié“b;r)b )

F(\)

—-1=0 [a>b>(]

Z:i\/(§+02)(n+02)(4+02)
(=) =)

e 0= <>[<” C)Ria«s@fa?) TE-OR 077(

. n)&;%(

Vip=

f'el& %I%
SN~—"



Ry=+/(s+a?)(s+b)(s+c?) 5=&,1,¢

Curvilinear Coordinates

"~ Oz, O
up = fr(x1, -, Tp) gikzz aur au;
r=1 v
Orthogonal Curvilinear Coordinates
— Oz, O
Orthogonal curvilinear coordinates = g¢;5 = Z Off air =0 (i+k)
i Qug

r=1

Measure coeflicient

_ = Ouy 2 _ - Oz, 2
i = Z(c’m) = Z(auk> higr=1
r=1

r=1
= ¢ 9 hi 06
= @ Ab=hi--h v 90
grad ¢ Z ik Our, ck $=h h"lz k(hl"'h'n Ouy,
k=1 k=1
X =5 Xey: Vector field
. —~ 9 [ hXy
X =Ry g
x| 3 0 (]
Orthogonal Curvilinear Coordinates in 2 Dimension
u=u(z,y) v=uv(z,y)
Orthogonal condition % % + % % =0
Conjugate coordinates u+iv= (ac +iy)
Cauchy-Riemann gz L] 6y %
u 811 2
’“—’”—J (&) (5 V &) +(5)
Examples
f(2) Transformation hi=ho Coordinates
_u 1
x=e%cos v .
log z J = evsin v Nz Polar coordinates
7_ 32 ;
2 u=x°—y Vo E—1 Rectangular hyperbolic
o v=22xYy 2Vatty coordinates
2 2 1
V2z z =g —v%) —_— Parabolic coordinates
y = ’31} \/m
asinhv
2|77 osh coshv — cosu
2i coth™1Z coshv —cosu | =27 7P 7 | Hyperbolic coordinates
—_ asmu a
Y= coshv—cosu
= 1
cosh—1Z2 | T=¢ C,OSh weosv —————| Elliptic coordinates
¢ | y=csinhusinv | +/sinh?u + sin?v

General Rotational Body Coordinates

Curvilinear coordinates given by rotating orthogonal coordinates z = f(u, v), r = g(u,v) in (z,r)
plane around z-axis. (r?= 22+ 3?)

2= g(u,v)cos ¢ y=g(u, v)sin ¢ 2= flu,v)



1 1 1
h = h = hw:?

Gr-r @R

Trigonometric Functions

sin (a+ 3) =sin acos B+ cos asin 3 cos (a+ ) =cos acos B —sinasin 3

cotacot f—1

tan o +tan G
cot o+ cot 3

tan(onrﬂ):m COt(Oé+ﬂ):

asina + bcosa = /a? + b?sin(a +v) where tany=b/a

sin 2ac =2 sin v cos & cos 2a = cos?a — sin?a =2 cos?a — 1 =1 — 2sin’a

. 900 1—cosa s l4cosa s 1—cosa

sin“—=———— Cos"—=———— tan*— = ———
2 2 2 2 2 1+cosa

sina cos 3 :%{sin(a + 3) +sin(a— B)}

sinasing = f%{cos(a + B) —cos(ae — )} cosa cosf = %{cos(a + 0) +cos(a— B)}
eia _ e*ia eia + e*ia
sinog=———F——— cosag=——
2
o0
o (—1)Fz2k+1 I B
smac_l;J W_m_ﬁ—i_ﬁ_ﬁ—i_m
o0
B (—1)k.1‘2k B $2 $4
COSJ/‘—Z W_l_?—i_ﬁ_
k=0
1
secx = COSeC T =CSC T = — cotx =
cosx sinx tanx
Hyperbolic Function
T _ e T —x T __ ,—T
sinhp=5"C¢ " coshaczi tanhx:%
2 2 er+e "
1
cosh?r —sinh?z =1 coshr =—————
V1 —tanh2z
sinh(z 4 y) = sinh « cosh y &= cosh z sinh y
cosh(x + y) = cosh x cosh y £ sinh z sinh y
sinh~!z =log(x + /22 +1) cosh™ 1z = +log(x + /22— 1)
sinh2® — coshx —1 cosh2® — coshx +1 tanh? — tanh x

2 2 2 2 2 14++1—tanh2x

Elliptic Integral

When f(z) is a polymonial of 3rd or 4th order, the following integrals result in normal forms

dx x? dx
o ——dz
Vf(x) /\/f(w) /(1+ax2) f(z)

Normal forms

IRy TR S
’ 0 V1—k%in20 Jo /(1—2%)(1—k2?)

® sing [ _ 2,2
Type II E(p,k) :/ 1 — k%sin%6d# :/ Wdz
0 0 -




(p;c, k) :/«: a0
0 (1+csin?0)v1 — k2sin?
B sin dz
7/0 (14¢22)/(1—22)(1 — k222)

{Oj B }’“}

o-e5e) -5 X [ 7]

Legendre Polynomial

d?y

Type IIT

Complete Elliptic Integral

w=r(36)-5

dy

_ .4y ay _ . . .
(1—= )sz Qxdx +nn+1)y=0 Legendre differential equation
_@n- L, nn=1) o nn-1)(n=2)(n=3) , 4
Pale) =" " 5ma 1" Y2 a3 "
_ 1 d" 2_1\n
- 2nn) daz”(x 1
Py(z)=1 Pi(x)=x=cosf
Py(x) :%(3:52 —1) :%(3 cos20 —1)
1, 4 1
Ps(x) 15(51' —3x) :§(5 cos 36 + 3 cos §)

Legendre functions of the second kind

Qn(z) = n! 1 n+1)(n+2) 1 m+1)n+2)(n+3)(n+4) 1 4o
T D 7 T 22 +3) 2l 2.4-(2n+3)(2n+5)  a"to
ﬁ%[(ﬁl)”log}Jri] f%Pn(:r) logifi (lz|>1)

1 i hn Py () (|h|<rnin xi\/xQ—ID
— n;o
L=2hz+h Z hn1+1Pn(:r) (|h|>max‘xj:\/x271‘>
n=0
0 (m<n) 2 B
/lmen(:E)d:EZ 2.n! = /1Pn($)Pm($)d$: 1 7=
1 Gyl m=n) -1 0 (m=#n)
Associated Legendre Function
(1 —ﬂ)%— 235%4— {n(n—i— 1) — 1T12}y:
Py(a) = (1 - a2y Lole) () = (1 - a2ym/24Onl)
1 0 (n#1)
P x)P™(z) da= 2 (n+m)! -
/’1 l 2n+1 (n—m)! (n=1)
[, {imm). "
m (n—m)!



Pl(z)=(1—-x?)"2=sin@

P}(z)=3(1—2) %z = gsin 26 Pi(z)=3(1—2%) = %(1 — cos 26)
Pl(z) :%(1 — ) /2522 - 1) :%(Sinﬁ + 5sin 30)

Pi(z)=15(1 —2?)x = %(Cos 6 — cos 30)

Pj(z)=15(1 — x?)3/2 :%(351119 — sin 30)

Bessel Function

dy  1d 2
—y+——y+<1—%>y=o

dz?  xdz
e (=™ T \2n+y _cosvrdy(x) — J_p(x)
J,,(x)—nzzo n!F(l/+n+1)<2) No(a)= sin v

F(g)z/ e s dt
0

Jon(x) = (=1)"Jn(x)
Spherical Bessel Function

d*y 2 dy +11
WJFE%‘L[l_— y=0

o= gt = o) (57)
= gt oo (55 ()

Asymptotic Formulas r>1

Expansion Formulas

ikrcosf _ - il z
e —;) (2l + 1)i"ji(kr)Py(cos 0) 0 r R
e —iki (20 + 1), (k)b (k r) Py(cos ¢) ' 2
= 1 r
R = /L

hl(l)(x) = ji(z) +iny(z)

Modified Bessel Function

I(z), K,(x) : Solutions




Hermite Differential Equation

d’y _ dy _
@2 gn _a? )
Hp(x)=(-1)"e= o One of two solutions
2 202 X .n
Generating function : exp{% — %} = ngo % H,(x)
o _22 W2r (m=n)
H,(z)H, Tdr={ "
| et { 0 (m#n)
Laguerre Differential Equation
d?y dy _
e*( d\" = n \z"
Lo =5 (45 ) =3 o 1)5
r=0
Orthogonality : Ooe’sz(x)Ln(:r)dx: 1 (m=n)
0 0 (m+#n)

Associated Laguerre polynomial

d?y dy _

x ke d \" _, . = of ntk\az"
s =) =3 co(0 )4
] Z .

_ = -, (n+k)! T
=2 OV G

r=0
Li(x)=1  Li(@)=—z+k+1  Li(x) :%2 ~(kr2)r s EE 2>2(k +1)
Lh(z) = 3663 n (k+23)ac2 _ (k+2)(2k+3)ac N (k+1)(k:46—2)(k+3)
Integral

/ f(@)g'(@)dz = f(z)g(z) - / f/(@)g(x)dz

f(@) F@)= [ fa)ds
1 1 T
“tan— 12
2+ a? et g
; Sin_1£
Va2 —z? a
Va?—2? %(ac a2—x2+a251n_1§>
Va?+a? %(ac inaQiaQIOg‘x—i— inaQ‘)
1 x
Lt 1 ‘ 2 2‘: inh—1%
m oglr+vx“+a sin a
1 T
Lt ] ‘ /3 2‘: L-1%
m oglx++\T a Cos 4

Rational Function



_Qz Bz +Cy
f(x)_P(:E) — f ;Z :rfazk—’—zz x2+ﬂj.’£+’Yj)l
: Partial fraction expansion

(xfa)n: __1 )T (n>1)

n—1(x—

/ Bz +C 7_/ 2z + 3 _de +C’/
(x2+ Bx+y)™ x2+ B+ ) z2+ﬂx+’y

where C’:CfBg

/ da logleoil (n=1)

/ 9% + 3 log(z®+ fz +7) (m=1)
(

— ___dx= 1 1
2 m 1
x +B~r+'7) m—l(a:Q—l—Ba:—i—v)m*l (m> )

dx - dt o ﬂ 12 _ 62
/(w2+ﬂx+v>m/(t2+5f2)m =Tty i=rmT

dx
We define I,,= /m
1 T 2n—3

— 1,
In 2a2(n—1) (22 +a2)" 1 a2@2n—2) """

Rational Function of Trigonometric Functions

We let P(X,Y) be a rational function of X,Y, and consider
/P(Cosac, sinz)dx
x
We define t = tanE

1—¢2 singo 2t dt 1442
142 de 2

1—t2 2t 2
: _ dt
/P(Coswvsmx)dx /P<1+t2’1+t2>1+t2

which results in an integral of a rational function of t.

K

Sup.) Inz/sin"xdac Snz/zsin"ac dx
0
Inzi(—cosxsin”_lac—i—(n—1)In_2) Iy=x I =—cosz
n—1 ni?’lz (n22:even)
_ n n—2 2 2 _T _
Sn = n—1 n—-3 2 SO*Q S1=1
— 53 (n > 3:0dd)

Rational Function of Quadratic Irrational Functions
/P(:L’, \/ax2+bx+c>daz

i. Case of a>0

t?—c
2 b —t— _
var*+br+c=t— /Jax xi—Q\/ﬁt 2



The integrand goes to a rational function of ¢.

ii. Case of a<0

az?+br+c=a(z—a)(x— ) a,BeR
_ Ja(z—a)
Vs

The integrand goes to a rational function of ¢.
Change of Variables
[ fse

~Zp)dwy dxnf/ /f v1(€
Other Integrals

> 2
/ e—az .Z‘Qndx
0

[ee]
—ax? 2n+1
/0 e T dac-—Q s

First-Order Differential Equation

€)oo onlEr gn))] (( o) | g, ...de,,

0(&1-+-&n)
* ocaer, _ NT
J, e rar=sl

(2n —1)! T
2n+1 a2n+1

Variables-separable

y'=g(y) f(z)

Equation Change of Variables New Equation
y'=flaxz+by+c) u=ax+by+c jz_a—f—bf( )
d
d_z:f(%> uY du _ f(u)—u
(Homogeneous) r de
;L ar+by+c aa+bB+c=0 at+bZ
y _f<a’x+b’y+c’> {a'a—l—b’ﬂ—l—c':O %Zf(ﬁ)
(ab’—ab+#0) |z=u+ta,y=v+ [ “ w
—al = PV — ! = ! /: —C_ac
(ab'—a'b=0) ara=aa’,b=ab" |y f<a+a’x+b’y+c’>

First-Order Linear Differential Equation

y' +a(z)y=0(x)

u(x) :[wa(ac)e_p(‘”)dac

Zo
— y(x) =u(z)e?® + CeP®

Sup.) An equation including derived functions of unknown y but not independent of variable x.

F(yaylaay(n))zo
If welet y'=p
dp _d*p . dp\?
" __
Y dyp oy dy + dy p,

which result in differential equations of unknown function p and independent variable y.
Linear Ordinary Differential Equation with Constant Coefficients
Homogeneous Equation

Yt an 1y Y e agy” + a1y + ay = f()

10



(D" +ap_1D" 14 -+ aaD?*+ a1D + ag)y = f(z) where DE%
P(D)y= f(x)
Homogeneous equation
P(D)y=0
ap-a,€C Solution of P(¢) =0
(D—a1)(D—ag)(D—ap)y=0
Fundamental solutions
(D—a;)y=0 = y=C;e™®
(D —a;)"y=0 = y=(Ci+Cix+-+C

m_lxm—l)eajw

(Let y=e*u)
Method of Variation of Parameters
Y™+ an 1 (2)y "D + o+ ag(2)y” + ar(2)y + aolz)y = f(x)

If fundamental solutions of its homogeneous equation y; y2 -y, are known,

yl y2 yn
/ ! li
Wronskian W(yla Tty yn) = yl y2 yn
y%n—l) yén—l) y’gn—l)

yi(s) Yn(s)

1 ee vee ces

Green function G(z,s)= - ne

o) = W) @) | D) D)

The solution of the non-homogeneous equation is
n—1 T
W)=Y enla)+ [ Gl f(5)ds
i=0 o
Lagrange’s Differential Equation

u 0
p(xa yau)%—’— q(l‘, yau)@u:r(‘ra yau)

. . dx dy du
Auxiliary equation = =
p(z,y,u) gz, y,u) r(zy,u)

We let two independent solutions of this equation be

g(z,y,u)=a h(z,y,u,)=b
General solutions of Lagrange’s equation are any functions of g and h.
Laplace Equation in 2 Dimension
0% 0%
ox2 oy
{=z+iy n=x—iy o(z,y)
32

V=46 =0

+ 0

(&, n)

11



General solutions

Fourier Transform

f(k) =# / O;f(w)e‘“”dfc

General Formulas in Fourier Transform

()

o(&m) = f1(§) + f2(n)
Rotating symmetry (Function of &n =22+ y?)

/_ kg (k) dk = / ~ f@)gt(@)d
f —

g(én) =alnén+b

1 <2 ikx
fl@)=—= [ fweta

(Parseval’s identity)
F(k)
F1(=k)
f(=F)

lale?e* f(a k)

e
(i dd )

(f*g)(k)

(F+0)lo) == IRE - gt =—— | sttt

Examples of Fourier Transform

f(z) —

(a>0)

0(x) Heviside step function

(Modified Bessel)

[ S
2 V21k  i2m k —ie

12



1
V2w (a+ik)

wmo(er)-o(e-t) 2R

Delta Functions

e~ %f(x)

6(z)z% ethrdk

o

@) =o 3 ek (—2m<z<27) % S etr= S (e —2mh)

o
k=

: 1.
51330 et V'P'E:F o (x)

Integral Equation

Abel's Problem

flz)= /_oo K(x —y)u(y)dy u(z): Unknown function
ulw) =5 Zﬁ ek
K(x —y) : Kernel
flx)=g(x)+ /\/_Oo K(x—y)f(y)dy f(z): unknown function
N
/) \/ﬁ/_od — V2TAK (K) i

Green Functions
Consider a partial differential equation of type Lu(z) = f(x).
L= F(DIU Y Drn) = F(DL)

F(Dg)G(r,r')=6(r — ') r= (21, Tn)
Then
N 1 eik(r—r’)
G(r,r)= (27r)"/ FGR) dk
Diffusion Equation in 1 Dimension
Ly i=D3—D;
| (z—a')? ,
- 2t t>t
Gla—at—t)={ i1 oo -7 €>#)
0 (t<t)

Initial-value problem

(D% — Du(z,t)=0 with u(z,0) = f(z)

13
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(D2 - Doyu(w, t) = —3(t) f(x)
Wave Equation in 1 Dimension
Lw,t = D% - Dt2

1
Glo—a't—t')= —56‘(t—t’—|x—x’|) (t>t')
0 (t<t)
Laplace's Equation in 2 Dimension

L,,=D2%+ D3
o _L o
Gr—r)= 5 In(|r — ')

Sup.) Poisson integral formula (Dirichlet problem)

L [ (B§—r*)u(Ro, 9)
f) = — ’ d
u(r,6) 21 )y RZ—2Rqrcos( — ¢) +r2 ¢

Laplace's Equation in 3 Dimension
Ly, .=D3+ D2+ D?
1 1

Cdx|r —r|

Gr—r')=

Diffusion Equation in 3 Dimension

Ly y.2t=D24 D2+ D?— D,

Glr—rit—t)=

[An(t —1 t1)]3/2 eXp[ (Lt_—T;?l2}

Wave Equation in 3 Dimension
Ly »t=D2+ D2+ D2?— D?,

1

- - _ 4! _ m!
Gr—rit—t)= dr|r —r/| ot —t'=|r—r))

0

Cauchy integral formula

£ =g [ T ac

(t> )

(t>t')
(t<t))

Sup.) Consider Ly ;= F(A, D;). We let Green function of L, ;= F(D2, D;) be gi(z,t).

Then Green function of L, ; is

1
G(r,t)=— 7TrDrgl(r,t) r=|r|

2
Laplace Transform

c+i00

1

— 1300

fo)= [ s rda f@) =g [ elsas

c¢>o : Region of convergence

f(@) — f(s)

f(az) 2iE) @0
fl@=a) (x>0 —saf

{ 0 (x <a) e *f(s)

f(z)eb® f(s—0) (s>0+Db)

14



f ()

| s@aayr

2 fO () (m>n)

| ra=atay=(r+a)@)
Examples of Laplace Transform

f(x) —

0(x) Heviside step function

x¥ (—l<v<o)

ety 1 (v>0)
sin ax

cos axr

Jo(2VAz)

15

n!l=T(n+1)



