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We define z-axis as the flight direction of q in qq̄ rest frame (ZMF), and the z-x plane as the
plane where qq̄ → tt̄ occures

Suppose θ as the production angle of top quark w.r.t. z-axis.
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− −
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At qq̄ → tt̄ production, spin related part can be

σ∝
∑

qq̄

|MV |2

MV = (v̄q̄γ
µuq)(ūtγµvt̄)= Jqq̄

µ (λqλq̄)Jtt̄ ,µ(λt
′λt̄

′)

where J
QQ̄

µ = v̄Q̄γ
µuQ , uQ(pQ) =NQ

(

χQ
σ · pQ

EQ +mQ
χQ

)

and vQ̄(pQ̄)=





σ · pQ

EQ +mQ

χQ̄

χQ̄





Consider Jqq̄
µ first, where

uq(pq)=Nq

(

χq
σ · pq

Eq +mq
χq

)

vq̄(pq̄)=Nq̄

(

σ · pq̄

Eq̄ +mq̄
χq̄

χq̄

)

.

In qq̄ (tt̄ ) rest frame (ZMF),

p≡ pq=−pq̄ E≡Eq=Eq̄ m≡mq=mq̄ ,

then

v̄q̄γ
µuq=NqNq̄

(

χq̄
† σ · (−p)

E +m
−χq̄†

)

(γ0; γi)





χq
σ · p
E +m

χq





=−NqNq̄



0;

(

χq̄
† σ · p
E+m

χq̄
†

)(

σi
−σi

)





χq
σ · p
E+m

χq









=NqNq̄

(

0; χq̄
†
σiχq− χq̄

† σ · p
E +m

σi
σ · p
E+m

χq

)

Suppose the case that p = (0, 0, p), and m= 0,

Jqq̄
µ = vq̄γ

µūq=NqNq̄

(

0; χq̄
†(σi− σ3σi σ3) χq

)

= 2NqNq̄

(

0; χq̄
†σ1χq, χq̄

†σ2 χq, 0
)

If we consider eigen states along z-axis for uq and vq̄, i.e.

1



χq(↑)=

(

1
0

)

, χq(↓)=

(

0
1

)

, χq̄(↑)=

(

0
1

)

, and χq̄(↓)=

(

−1
0

)

then

Jqq̄
µ (↑↑)∝

{

0; ( 0 1 )

(

0 1
1 0

)(

1
0

)

, ( 0 1 )

(

0 −i
i 0

)(

1
0

)

, 0

}

= (0; 1, i, 0)

Jqq̄
µ (↑↓)∝

{

0; ( −1 0 )

(

0 1
1 0

)(

1
0

)

, ( −1 0 )

(

0 −i
i 0

)(

1
0

)

, 0

}

=(0; 0, 0, 0)

Jqq̄
µ (↓↑)∝

{

0; ( 0 1 )

(

0 1
1 0

)(

0
1

)

, ( 0 1 )

(

0 −i
i 0

)(

0
1

)

, 0

}

= (0; 0, 0, 0)

Jqq̄
µ (↓↓)∝

{

0; ( −1 0 )

(

0 1
1 0

)(

0
1

)

, ( −1 0 )

(

0 −i
i 0

)(

0
1

)

, 0

}

=(0;−1, i, 0)

These results are consistent to helicity conservation. Remind that the polarization vectors for a
spin-1 particle are

εµ(λ=±)= (0;∓1,−i, 0)/ 2
√

, εµ(λ= 0)= (0; 0, 0, 1) .

This means there is no longitudinal component for Jqq̄
µ and spin sum for the initial state

becomes
∑

λqλq̄=↑↑,↓↓
.

Next, we consider Jtt̄. In ZMF, i.e. pt=−p t̄,

Jtt̄
µ =ūtγ

µvt̄ =NtNt̄





χt
σ · pt

Et+mt
χt





†

γ0γµ





− σ · pt

Et+mt
χt̄

χt̄





=NtNt̄
(

χt
† −χt†(σ ·α)

)

{(

1 0
0 −1

)

;

(

0 σi
−σi 0

)}(

−(σ ·α)χt̄
χt̄

)

=NtNt̄
(

−χt†(σ ·α)χt̄ + χt
†(σ ·α)χt̄ ;−χt†(σ ·α)σi(σ ·α)χt̄ + χt

†σiχt̄
)

=NtNt̄
(

0; χt
†{σi− (σ ·α) σi (σ ·α)}χt̄

)

,

where

α =
pt

Et+mt
= k





sin θ
0

cos θ



, k2 =

(

pt
Et+mt

)

2

=
γt− 1

γt+ 1

θ is the production angle of top quark w.r.t. z-axis. Then,

Jtt̄
µ ∝

(

0; χt
†{σi− k2(σ1sinθ+ σ3cosθ)σi (σ1sinθ+ σ3cosθ)}χt̄

)

=
(

0; χt
†{σi− k2(σ1σiσ1sin

2θ+ σ3σiσ1sinθcosθ+ σ1σiσ3sinθcosθ+σ3σiσ3cos
2θ)}χt̄

)

=



0; χt
†





σ1− k2(σ1sin
2θ+ 2σ3sinθcosθ− σ1cos

2θ)
σ2− k2(−σ2sin

2θ−σ2cos
2θ)

σ3− k2(−σ3sin
2θ+ 2σ1sinθcosθ+σ3cos

2θ)



χt̄





=



0; χt
†





(1 + k2cos2θ)σ1− k2sin2θ ·σ3

(1 + k2)σ2

(1− k2cos2θ)σ3− k2sin2θ ·σ1



χt̄





Now we consider a new frame (top quantization frame) which is given by rotating the original
frame by the angle ψ counterclockwise around y-axis.

ψ

ψ
y’

zq −
−

t z’
xx’

y
q

t
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2-component spinors for top and anti-top in a frame with the angle ψ w.r.t. z-axis i.e. eigen
spinors along z ′-axis are

χt↑=





cos
ψ

2

sin
ψ

2



, χt↓=





−sin
ψ

2

cos
ψ

2



 for top quark, and

χt̄↑=





−sin
ψ

2

cos
ψ

2



, χt̄↓=





−cos
ψ

2

−sin
ψ

2



 for anti-top quark.

In this case, the 4 eigen-states of Jtt̄
µ for the quantization basis will become

Jtt̄
µ(↑↑)∝





0;







(1 + k2cos2θ)cosψ+ k2sin2θsinψ

−i(1 + k2)
∗













Jtt̄
µ(↑↓)= Jtt̄

µ(↓↑)∝



0;





−(1 + k2cos2θ)sinψ+ k2sin2θcosψ
0
∗









Jtt̄
µ(↓↓)∝



0;





−(1+ k2cos2θ)cosψ− k2sin2θsinψ
−i(1+ k2)

∗









Therefore

J+ ≡Jqq̄(↑↑)Jtt̄(↑↑)= Jqq̄(↓↓)Jtt̄(↓↓)
∝(1 + k2cos2θ)cosψ+ k2sin2θ sinψ+ (1 + k2)

=1+ k2 + cosψ+ k2cos(2θ− ψ)

J− ≡Jqq̄(↑↑)Jtt̄(↓↓)= Jqq̄(↓↓)Jtt̄(↑↑)
∝−(1+ k2cos2θ)cosψ− k2sin2θ sinψ+ (1 + k2)

=1+ k2−cosψ− k2cos(2θ− ψ)

J0 ≡Jqq̄(↑↑)Jtt̄(↑↓)= Jqq̄(↑↑)Jtt̄(↓↑) =−Jqq̄(↓↓)Jtt̄(↑↓) =−Jqq̄(↓↓)Jtt̄(↓↑)
∝−(1 + k2cos2θ)sinψ+ k2sin2θ cosψ

=−sinψ+ k2sin(2θ− ψ)

In the top quantization frame, using the lepton flight directions described by (θ+, ϕ+) for ℓ+ and
(θ−, ϕ−) for ℓ− in a basis, the spinor of the top (anti-top) quark can be described as

ut(θ+, ϕ+)= e−iϕ+/2cos
θ+
2
ut↑+ eiϕ+/2sin

θ+
2
ut↓

vt̄(θ−, ϕ−)= e−iϕ−/2cos
θ−
2
vt̄↓− eiϕ−/2sin

θ−
2
vt̄↑

ϕ

±

±

±

θ

O

basis

x’

y’

z’

In this case,
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Jtt̄
µ =

(

eiϕ+/2cos
θ+
2
ūt↑+ e−iϕ+/2sin

θ+
2
ūt↓

)

γµ
(

−eiϕ−/2sin
θ−
2
vt̄↑+ e−iϕ−/2cos

θ−
2
vt̄↓

)

= −ei(ϕ++ϕ−)/2cos
θ+
2
sin

θ−
2
Jtt̄(↑↑)+ ei(ϕ+−ϕ−)/2cos

θ+
2
cos

θ−
2
Jtt̄(↑↓)

−e−i(ϕ+−ϕ−)/2sin
θ+
2
sin

θ−
2
Jtt̄(↓↑)+ e−i(ϕ++ϕ−)/2sin

θ+
2
cos

θ−
2
Jtt̄(↓↓)

tt̄ spin correlations can be seen as angular correlations of decay products.

|Jqq̄(↑↑)Jtt̄ |2 =

∣

∣

∣

∣

−ei(ϕ++ϕ−)/2cos
θ+
2
sin

θ−
2
Jqq̄(↑↑)Jtt̄(↑↑)

+ei(ϕ+−ϕ−)/2cos
θ+
2
cos

θ−
2
Jqq̄(↑↑)Jtt̄(↑↓)

−e−i(ϕ+−ϕ−)/2sin
θ+
2
sin

θ−
2
Jqq̄(↑↑)Jtt̄(↓↑)

+e−i(ϕ++ϕ−)/2sin
θ+
2
cos

θ−
2
Jqq̄(↑↑)Jtt̄(↓↓)

∣

∣

∣

∣

2

=

∣

∣

∣

∣

−ei(ϕ++ϕ−)/2cos
θ+
2
sin

θ−
2
J+ + ei(ϕ+−ϕ−)/2cos

θ+
2
cos

θ−
2
J0

−e−i(ϕ+−ϕ−)/2sin
θ+
2
sin

θ−
2
J0 + e−i(ϕ++ϕ−)/2sin

θ+
2
cos

θ−
2
J−

∣

∣

∣

∣

2

= cos2
θ+
2
sin2θ−

2
|J+|2 + cos2

θ+
2
cos2

θ−
2
|J0|2

+sin2 θ+
2
sin2θ−

2
|J0|2 + sin2 θ+

2
cos2

θ−
2
|J−|2

−2cos2
θ+
2
sin

θ−
2
cos

θ−
2
Re(eiϕ−J+J0

∗)

+2cos
θ+
2
sin

θ+
2
sin2θ−

2
Re(eiϕ+J+J0

∗)

−2cos
θ+
2
sin

θ+
2
sin

θ−
2
cos

θ−
2
Re
(

ei(ϕ++ϕ−)J+J−
∗
)

−2cos(ϕ+− ϕ−)cos
θ+
2
sin

θ+
2
cos

θ−
2
sin

θ−
2
|J0|2

+2cos
θ+
2
sin

θ+
2
cos2

θ−
2
Re(eiϕ+J−

∗J0)

−2sin2θ+
2
cos

θ−
2
sin

θ−
2
Re(eiϕ−J−∗J0)

For Jqq̄(↑↑)Jtt̄� Jqq̄(↓↓)Jtt̄, we just set J±� J∓ and J0� −J0.

4σ ∝ |Jqq̄(↑↑)Jtt̄ |2 + |Jqq̄(↓↓)Jtt̄ |2

=

(

cos2
θ+
2
sin2θ−

2
+ sin2 θ+

2
cos2

θ−
2

)

(|J+|2 + |J−|2)

+2

(

cos2
θ+
2
cos2

θ−
2

+ sin2 θ+
2
sin2θ−

2

)

|J0|2

−2cos2
θ+
2
sin

θ−
2
cos

θ−
2
Re(eiϕ−J+J0

∗− eiϕ−J−∗J0)

+2cos
θ+
2
sin

θ+
2
sin2θ−

2
Re(eiϕ+J+J0

∗− eiϕ+J−
∗J0)

−4cos
θ+
2
sin

θ+
2
cos

θ−
2
sin

θ−
2
Re
(

ei(ϕ++ϕ−)J+J−
∗
)

−4cos(ϕ+− ϕ−)cos
θ+
2
sin

θ+
2
cos

θ−
2
sin

θ−
2
|J0|2

+2cos
θ+
2
sin

θ+
2
cos2

θ−
2
Re(eiϕ+J−

∗J0− eiϕ+J+J0
∗)

−2sin2θ+
2
cos

θ−
2
sin

θ−
2
Re(eiϕ−J−∗J0− eiϕ−J+J0

∗)
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= (1− cosθ+cosθ−)
|J+|2 + |J−|2

2
+ (1+ cosθ+cosθ−)|J0|2

−sinθ+cosθ−Re{eiϕ+(J+J0
∗− J−

∗J0)}
−cosθ+sinθ−Re{eiϕ−(J+J0

∗− J−
∗J0)}

−sinθ+sinθ−
{

Re
(

ei(ϕ++ϕ−)J+J−
∗
)

+ cos (ϕ+− ϕ−)|J0|2
}

Here, if we choose ψ (offdiagonal basis) which satisfies

sinψ= k2sin(2θ− ψ)

i.e.

sinψ= k2(sin2θcosψ− cos2θsinψ)

tanψ=
k2sin2θ

1+ k2cos2θ
=

2(γ − 1)sin θ cos θ

γ+1 + (γ − 1)(1− 2sin2θ)
=

(γ − 1)tanθ

γ+ tan2θ

1

γ
tanθ=

tanθ− tanψ

1+ tanψtanθ
= tan (θ− ψ)

In this frame,

J+∝ 1 + k2 + cosψ+ k2cos(2θ− ψ)

J−∝ 1 + k2−cosψ− k2cos(2θ− ψ)

J0 =0

4σ∝ (1− cosθ+cosθ−)
J+

2 + J−
2

2
− sinθ+sinθ−cos(ϕ+ + ϕ−)J+J−

J+J−∝ (1+ k2)2−{cosψ+ k2cos(2θ− ψ)}2

=sin2ψ+ 2k2 + k4sin2(2θ− ψ)− 2k2cosψcos(2θ− ψ)

=2k2sinψsin(2θ− ψ) +2k2− 2k2cosψcos(2θ− ψ)

=2k2− 2k2cos2θ= 4k2sin2θ

J+
2 + J−

2

2
=

1

2
(J+ +J−)2−J+J−∝ 2(1+ k2)2− 4k2sin2θ= 2(1+ k4)+ 4k2cos2θ

Top production angle distribution is corresponding to
J+

2 + J−
2

2
. If top quark is ultra-relastivistic

k→ 1, then

J+
2 + J−

2

2
→ 4 +4cos2θ

qq̄ → tt̄ via axial-vector current

− −

q t
A

tq

MA= (v̄q̄γ
µγ5uq)(ūtγµγ

5vt̄) =Aqq̄(λqλq̄)Att̄(λt
′λt̄

′)

where A
QQ̄

µ = v̄Q̄γ
µγ5uQ, uQ(pQ)=NQ

(

χQ
σ · pQ

EQ +mQ
χQ

)

and vQ̄(pQ̄)=NQ̄





σ · pQ

EQ +mQ

χQ̄

χQ̄



 .

Assume

p≡ pq=−pq̄ = (0, 0, p) , mq=mq̄ = 0 , and E=Eq=Eq̄ = p,
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then

Aqq̄
µ =v̄q̄γ

µγ5uq∝
(

−σ3χq̄
χq̄

)

†

γ0γµγ5

(

χq
σ3χq

)

=
(

−χq̄†σ3 −χq̄†
)

{(

1 0
0 −1

)

;

(

0 σi
−σi 0

)}(

σ3χq
χq

)

=

{

0;
(

χq̄
†σi −χq̄†σ3σi

)

(

σ3χq
χq

)}

=
{

0; χq̄
†(σiσ3− σ3σi)χq

}

=2
{

0; χq̄
†(−iσ2)χq, χq̄

†(iσ1) χq, 0
}

If we consider eigen states along z-axis for uq and vq̄, i.e.

χq(↑)=

(

1
0

)

, χq(↓)=

(

0
1

)

, χq̄(↑)=

(

0
1

)

, and χq̄(↓)=

(

−1
0

)

then

Aqq̄
µ (↑↑)∝

{

0; ( 0 1 )

(

0 −1
1 0

)(

1
0

)

, ( 0 1 )

(

0 i

i 0

)(

1
0

)

, 0

}

= (0; 1, i, 0)

Aqq̄
µ (↑↓)∝

{

0; ( −1 0 )

(

0 −1
1 0

)(

1
0

)

, ( −1 0 )

(

0 i

i 0

)(

1
0

)

, 0

}

= (0; 0, 0, 0)

Aqq̄
µ (↓↑)∝

{

0; ( 0 1 )

(

0 −1
1 0

)(

0
1

)

, ( 0 1 )

(

0 i

i 0

)(

0
1

)

, 0

}

= (0; 0, 0, 0)

Aqq̄
µ (↓↓)∝

{

0; ( −1 0 )

(

0 −1
1 0

)(

0
1

)

, ( −1 0 )

(

0 i

i 0

)(

0
1

)

, 0

}

= (0; 1,−i, 0)

The axial vector current gives helicity conservation as well.

Next, we consider Att̄. In ZMF, i.e. pt=−p t̄, mt=mt̄, and Et=Et̄

Att̄
µ =ūtγ

µγ5vt̄ ∝





χt
σ · pt

Et+mt
χt





†

γ0γµγ5





− σ · pt

Et+mt
χt̄

χt̄





=
(

χt
† −χt†(σ ·α)

)

{(

1 0
0 −1

)

;

(

0 σi
−σi 0

)}(

χt̄
−(σ ·α)χt̄

)

=
{

χt
†
χt̄ − χt

†(σ ·α)2χt̄ ; χt
†(σ ·α)σiχt̄ − χt

†
σi(σ ·α)χt̄

}

=
(

(1−α2)χt
†
χt̄ ; χt

†{(σ ·α)σi− σi (σ ·α)}χt̄
)

,

where α=
pt

Et+mt
= k





sin θ
0

cos θ



, k2 =

(

pt
Et+mt

)

2

=
γt− 1

γt+1
, then

ūtγ
µγ5vt̄ ∝

(

∗; χt
†{k(σ1sinθ+ σ3cosθ)σi− kσi (σ1sinθ+ σ3cosθ)}χt̄

)

=
(

∗; χt†{k(σ1σi−σiσ1)sinθ+ k(σ3σi− σiσ3)cosθ}χt̄
)

=



∗; χt
†





2i kσ2cosθ
2i kσ3sinθ− 2i kσ1cosθ

−2i kσ2sinθ



χt̄





Suppose

χt↑=





cos
ψ

2

sin
ψ

2



, χt↓=





−sin
ψ

2

cos
ψ

2



 for top quark, and

χt̄↑=





−sin
ψ

2

cos
ψ

2



, χt̄↓=





−cos
ψ

2

−sin
ψ

2



 for anti-top quark,
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then, the axial vector currents on the 4 eigen-states of Att̄ will be

Att̄
µ (↑↑)∝



∗;





2k cosθ
−2i k sinψsinθ− 2i k cosψcosθ

∗









Att̄
µ (↑↓)=Att̄

µ (↓↑)∝



∗;





0
−2i k cosψsinθ+ 2i k sinψcosθ

∗









Att̄
µ (↓↓)∝



∗;





2k cosθ
2i k sinψsinθ+ 2i k cosψcosθ

∗









Therefore

A+ ≡Aqq̄(↑↑)Att̄(↑↑)= {Aqq̄(↓↓)Att̄(↓↓)}
∝2k{(1 + cosψ)cosθ+ sinψsinθ}= 2k{cosθ+ cos (ψ− θ)}

A− ≡Aqq̄(↑↑)Att̄(↓↓)= {Aqq̄(↓↓)Att̄(↑↑)}
∝2k{(1− cosψ)cosθ− sinψsinθ}=2k{cosθ− cos (ψ− θ)}

A0 ≡Aqq̄(↑↑)Att̄(↑↓)=Aqq̄(↑↑)Att̄(↓↑)=−Aqq̄(↓↓)Att̄(↑↓) =−Aqq̄(↓↓)Att̄(↓↑)
∝2k(cosψsinθ− sinψcosθ)= 2k sin (ψ− θ)

Using the lepton flight directions described by (θ+, ϕ+) for ℓ+ and (θ−, ϕ−) for ℓ− in a basis,
and the same calculation as the vector case can be applied.

4σ ∝ (1− cosθ+cosθ−)
|A+|2 + |A−|2

2
+ (1+ cosθ+cosθ−)|A0|2

−sinθ+cosθ−Re{eiϕ+(A+A0
∗−A−

∗ A0)}
−cosθ+sinθ−Re{eiϕ−(A+A0

∗−A−
∗ A0)}

−sinθ+sinθ−
{

Re
(

ei(ϕ++ϕ−)A+A−
∗
)

+ cos (ϕ+− ϕ−)|A0|2
}

If we choose ψ= θ (helicity basis),

A+∝ 2k(1+ cosθ)

A−∝−2k(1− cosθ)

A0 = 0

4σ∝ (1− cosθ+cosθ−)
A+

2 +A−
2

2
− sinθ+sinθ−cos(ϕ+ + ϕ−)A+A−

A+
2 +A−

2

2
∝ 4k2(1 + cos2θ) A+A−∝ 4k2(1− cos2θ)= 4k2sin2θ

Intuitive understanding for this result: For non-relastivistic approximation

〈γµ〉∼ (1; v) 〈γµγ5〉∼ (σ ·v; σ)

qq̄ → tt̄ via V-A current

MV −A∝
{

v̄q̄γ
µ

(

1− γ5

2

)

uq

}{

ūtγµ

(

1− γ5

2

)

vt̄

}

=Mqq̄(λqλq̄)Mtt̄(λt
′λt̄

′)

where uQ(pQ)=NQ

(

χQ
σ · pQ

EQ +mQ
χQ

)

and vQ̄(pQ̄)=NQ̄





σ · pQ

EQ +mQ

χQ̄

χQ̄



 .

Assume p≡ pq=−pq̄ =(0, 0, p), mq=mq̄ =0, and Eq=Eq̄ = p, then
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Mqq̄
µ =v̄q̄γ

µ

(

1− γ5

2

)

uq=
1

2
(Jqq̄

µ −Aqq̄
µ )

∝1

2

[(

0; 2χq̄
†
σ1χq, 2χq̄

†
σ2 χq, 0

)

−
{

0; 2χq̄
†(−iσ2)χq, 2χq̄

†(iσ1) χq, 0
}]

=
{

0; χq̄
†(σ1 + iσ2)χq,−iχq̄†(σ1 + iσ2)χq, 0

}

If we consider eigen states along z-axis for uq and vq̄, i.e.

χq(↑)=

(

1
0

)

, χq(↓)=

(

0
1

)

, χq̄(↑)=

(

0
1

)

, and χq̄(↓)=

(

−1
0

)

and

σ1 + iσ2 =

(

0 1
1 0

)

+ i

(

0 −i
i 0

)

= 2

(

0 1
0 0

)

then

Mqq̄
µ (↑↑)∝ (0; 0, 0, 0)

Mqq̄
µ (↑↓)∝ (0; 0, 0, 0)

Mqq̄
µ (↓↑)∝ (0; 0, 0, 0)

Mqq̄
µ (↓↓)∝ (0;−1, i, 0)

Next, we consider Mtt̄. In ZMF, i.e. pt=−p t̄, mt=mt̄, and Et=Et̄

Mtt̄
µ =ūtγµ

(

1− γ5

2

)

vt̄ =
1

2
(Jtt̄

µ −Att̄
µ )

∝1

2

[

−(1−α2)χt
†
χt̄ ; χt

†{σi− (σ ·α)σi(σ ·α)− (σ ·α)σi+ σi (σ ·α)}χt̄
]

,

where α=
pt

Et+mt
= k





sin θ
0

cos θ



, k2 =

(

pt
Et+mt

)

2

=
γt− 1

γt+1
, then

Mtt̄
µ =

1

2
(Jtt̄

µ −Att̄
µ )

=



∗ ;
1

2
χt
†











(1+ k2cos2θ)σ1− k2sin2θ ·σ3

(1+ k2)σ2

(1− k2cos2θ)σ3− k2sin2θ ·σ1



−





2i kσ2cosθ
2i kσ3sinθ− 2i kσ1cosθ

−2i kσ2sinθ











χt̄





Suppose

χt↑=





cos
ψ

2

sin
ψ

2



, χt↓=





−sin
ψ

2

cos
ψ

2



 for top quark, and

χt̄↑=





−sin
ψ

2

cos
ψ

2



, χt̄↓=





−cos
ψ

2

−sin
ψ

2



 for anti-top quark,

then

Mtt̄
µ(↑↑)∝ 1

2





∗;







(1+ k2cos2θ)cosψ+ k2sin2θsinψ− 2k cosθ

−i(1+ k2) +2i k sinψsinθ+2i k cosψcosθ
∗













Mtt̄
µ(↑↓) =Mtt̄

µ(↓↑)∝ 1

2



∗;





−(1 + k2cos2θ)sinψ+ k2sin2θcosψ
2i k cosψsinθ− 2i k sinψcosθ

∗









Mtt̄
µ(↓↓)∝ 1

2



∗ ;





−(1+ k2cos2θ)cosψ− k2sin2θsinψ− 2k cosθ
−i(1+ k2)− 2i k sinψsinθ− 2i k cosψcosθ

∗








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M+ ≡ Mqq̄(↓↓)Mtt̄(↓↓)
∝ 1

2
{(1 + k2cos2θ)cosψ+ k2sin2θsinψ+ 2k cosθ

+ (1 + k2)+ 2k sinψsinθ+ 2k cosψcosθ}
M− ≡ Mqq̄(↓↓)Mtt̄(↑↑)

∝ 1

2
{−(1+ k2cos2θ)cosψ− k2sin2θsinψ+2k cosθ

+(1+ k2)− 2k sinψsinθ− 2k cosψcosθ}
M0 ≡ Mqq̄(↓↓)Mtt̄(↑↓)=Mqq̄(↓↓)Mtt̄(↓↑)

∝ 1

2
{(1 + k2cos2θ)sinψ− k2sin2θcosψ− 2k cosψsinθ+2k sinψcosθ}

Using the lepton flight directions described by (θ+, ϕ+) for ℓ+ and (θ−, ϕ−) for ℓ− in a basis,
and the same calculation as the vector case can be applied.

|Mqq̄(↓↓)Mtt̄ |2 =

∣

∣

∣

∣

−ei(ϕ++ϕ−)/2cos
θ+
2
sin

θ−
2
Mqq̄(↓↓)Mtt̄(↑↑)

+ei(ϕ+−ϕ−)/2cos
θ+
2
cos

θ−
2
Mqq̄(↓↓)Mtt̄(↑↓)

−e−i(ϕ+−ϕ−)/2sin
θ+
2
sin

θ−
2
Mqq̄(↓↓)Mtt̄(↓↑)

+e−i(ϕ++ϕ−)/2sin
θ+
2
cos

θ−
2
Mqq̄(↓↓)Mtt̄(↓↓)

∣

∣

∣

∣

2

=

∣

∣

∣

∣

−ei(ϕ++ϕ−)/2cos
θ+
2
sin

θ−
2
M+ + ei(ϕ+−ϕ−)/2cos

θ+
2
cos

θ−
2
M0

−e−i(ϕ+−ϕ−)/2sin
θ+
2
sin

θ−
2
M0 + e−i(ϕ++ϕ−)/2sin

θ+
2
cos

θ−
2
M−

∣

∣

∣

∣

2

= cos2
θ+
2
sin2θ−

2
|M+|2 + cos2

θ+
2
cos2

θ−
2
|M0|2

+sin2 θ+
2
sin2θ−

2
|M0|2 + sin2 θ+

2
cos2

θ−
2
|M−|2

−2cos2
θ+
2
sin

θ−
2
cos

θ−
2
Re(eiϕ−M+M0

∗)

+2cos
θ+
2
sin

θ+
2
sin2θ−

2
Re(eiϕ+M+M0

∗)

−2cos
θ+
2
sin

θ+
2
sin

θ−
2
cos

θ−
2
Re
(

ei(ϕ++ϕ−)M+M−
∗
)

−2cos(ϕ+− ϕ−)cos
θ+
2
sin

θ+
2
cos

θ−
2
sin

θ−
2
|M0|2

+2cos
θ+
2
sin

θ+
2
cos2

θ−
2
Re(eiϕ+M−

∗M0)

−2sin2θ+
2
cos

θ−
2
sin

θ−
2
Re(eiϕ−M−

∗M0)

4σ ∝ 1

4
(1 + cosθ+)(1− cosθ−)|M+|2 +

1

4
(1− cosθ+)(1+ cosθ−)|M−|2

+
1

2
(1+ cosθ+cosθ−)|M0|2

−1

2
sinθ+sinθ−Re

(

ei(ϕ++ϕ−)M+M−
∗
)

−1

2
sinθ+sinθ−cos(ϕ+− ϕ−)|M0|2

−1

2
(1+ cosθ+)sinθ−Re(e

iϕ−M+M0
∗)

+
1

2
sinθ+(1− cosθ−)Re(eiϕ+M+M0

∗)

−1

2
(1− cosθ+)sinθ−Re(e

iϕ−M−
∗M0)

+
1

2
sinθ+(1 + cosθ−)Re(eiϕ+M−

∗M0)
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In case of real M+, M−, and M0

4σ ∝ 1

4
(1 + cosθ+)(1− cosθ−)M+

2 +
1

4
(1− cosθ+)(1 + cosθ−)M−

2

+
1

2
(1+ cosθ+cosθ−)M0

2

−1

2
sinθ+sinθ−cos(ϕ+ + ϕ−)M+M−

−1

2
sinθ+sinθ−cos(ϕ+− ϕ−)M0

2

−1

2
(1+ cosθ+)sinθ−cosϕ−M+M0

+
1

2
sinθ+(1− cosθ−)cosϕ+M+M0

−1

2
(1− cosθ+)sinθ−cosϕ−M−M0

+
1

2
sinθ+(1 + cosθ−)cosϕ+M−M0

If we choose ψ which satisfies M0 =0, i.e.

(1+ k2cos2θ)sinψ− k2sin2θcosψ− 2k cosψsinθ+ 2k sinψcosθ=0

sinψ(1 + k2cos2θ+ 2k cosθ)= cosψ(k2sin2θ+ 2k sinθ)

tanψ{(1 + k cosθ)2− k2sin2θ}=2k sinθ(1+ k cosθ)

tanψ=
2k sinθ(1+ k cosθ)

(1 + k cosθ)2− k2sin2θ

For ultra-relativistic tt̄ production (k→ 1)

tanψ=
2sinθ(1 + cosθ)

(1 + cosθ)2− sin2θ
=

2sinθ(1 + cosθ)

2cosθ+ 2cos2θ
= tanθ

For threshold tt̄ production (k= 0)

tanψ= 0

4σ ∝ 1

4
(1 + cosθ+)(1− cosθ−)M+

2 +
1

4
(1− cosθ+)(1 + cosθ−)M−

2

−1

2
sinθ+sinθ−cos(ϕ+ + ϕ−)M+M−

qq̄ → tt̄ via V+A current

MV −A∝
{

v̄q̄γ
µ

(

1+ γ5

2

)

uq

}{

ūtγµ

(

1+ γ5

2

)

vt̄

}

=Lqq̄(λqλq̄)Ltt̄(λt
′λt̄

′)

where uQ(pQ)=NQ

(

χQ
σ · pQ

EQ +mQ
χQ

)

and vQ̄(pQ̄)=NQ̄





σ · pQ

EQ +mQ

χQ̄

χQ̄



 .

Assume p≡ pq=−pq̄ =(0, 0, p), mq=mq̄ =0, and Eq=Eq̄ = p, then

Lqq̄
µ =v̄q̄γµ

(

1+ γ5

2

)

uq=
1

2
(Jqq̄

µ +Aqq̄
µ )

∝1

2

[(

0; 2χq̄
†
σ1χq, 2χq̄

†
σ2 χq, 0

)

+
{

0; 2χq̄
†(−iσ2)χq, 2χq̄

†(iσ1) χq, 0
}]

=
{

0; χq̄
†(σ1− iσ2)χq, iχq̄

†(σ1− iσ2)χq, 0
}

If we consider eigen states along z-axis for uq and vq̄, i.e.
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χq(↑)=

(

1
0

)

, χq(↓)=

(

0
1

)

, χq̄(↑)=

(

0
1

)

, and χq̄(↓)=

(

−1
0

)

and

σ1− iσ2 =

(

0 1
1 0

)

− i

(

0 −i
i 0

)

= 2

(

0 0
1 0

)

then

Lqq̄
µ (↑↑)∝ (0; 1, i, 0)

Lqq̄
µ (↑↓)∝ (0; 0, 0, 0)

Lqq̄
µ (↓↑)∝ (0; 0, 0, 0)

Lqq̄
µ (↓↓)∝ (0; 0, 0, 0)

Next, we consider Ltt̄. In ZMF, i.e. pt=−p t̄, mt=mt̄, and Et=Et̄

Ltt̄
µ =ūtγ

µ

(

1+ γ5

2

)

vt̄ =
1

2
(Jtt̄

µ +Att̄
µ )

∝1

2

[

(1−α2)χt
†χt̄ ; χt

†{σi− (σ ·α)σi(σ ·α)+ (σ ·α)σi− σi (σ ·α)}χt̄
]

,

where α=
pt

Et+mt
= k





sin θ
0

cos θ



, k2 =

(

pt
Et+mt

)

2

=
γt− 1

γt+1
, then

Ltt̄
µ =

1

2
(Jtt̄

µ +Att̄
µ )

=



∗ ;
1

2
χt
†











(1+ k2cos2θ)σ1− k2sin2θ ·σ3

(1+ k2)σ2

(1− k2cos2θ)σ3− k2sin2θ ·σ1



+





2i kσ2cosθ
2i kσ3sinθ− 2i kσ1cosθ

−2i kσ2sinθ











χt̄





Suppose

χt↑=





cos
ψ

2

sin
ψ

2



, χt↓=





−sin
ψ

2

cos
ψ

2



 for top quark, and

χt̄↑=





−sin
ψ

2

cos
ψ

2



, χt̄↓=





−cos
ψ

2

−sin
ψ

2



 for anti-top quark,

then

Ltt̄
µ (↑↑)∝ 1

2





∗;







(1+ k2cos2θ)cosψ+ k2sin2θsinψ+ 2k cosθ

−i(1 + k2)− 2i k sinψsinθ− 2i k cosψcosθ
∗













Ltt̄
µ (↑↓) =Ltt̄

µ (↓↑)∝ 1

2



∗;





−(1+ k2cos2θ)sinψ+ k2sin2θcosψ
−2i k cosψsinθ+ 2i k sinψcosθ

∗









Ltt̄
µ (↓↓)∝ 1

2



∗ ;





−(1+ k2cos2θ)cosψ− k2sin2θsinψ+2k cosθ
−i(1 + k2)+ 2i k sinψsinθ+ 2i k cosψcosθ

∗









L+ ≡ Lqq̄(↑↑)Ltt̄(↑↑)
∝ 1

2
{(1 + k2cos2θ)cosψ+ k2sin2θsinψ+ 2k cosθ

+ (1 + k2)+ 2k sinψsinθ+ 2k cosψcosθ}
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L− ≡ Lqq̄(↑↑)Ltt̄(↓↓)
∝ 1

2
{−(1+ k2cos2θ)cosψ− k2sin2θsinψ+2k cosθ

+(1+ k2)− 2k sinψsinθ− 2k cosψcosθ}

L0 ≡ Lqq̄(↑↑)Ltt̄(↑↓)=Lqq̄(↓↓)Ltt̄(↓↑)
∝ 1

2
{−(1 + k2cos2θ)sinψ+ k2sin2θcosψ+ 2k cosψsinθ− 2k sinψcosθ}

These results are almost same as V-A except for L0 sign, i.e.

L±=M± L0 =−M0.

If we choose ψ which satisfies L0 = 0, i.e.

(1+ k2cos2θ)sinψ− k2sin2θcosψ− 2k cosψsinθ+ 2k sinψcosθ=0

tanψ=
2k sinθ(1+ k cosθ)

(1 + k cosθ)2− k2sin2θ

4σ ∝ 1

4
(1 + cosθ+)(1− cosθ−)L+

2 +
1

4
(1− cosθ+)(1 + cosθ−)L−

2

−1

2
sinθ+sinθ−cos(ϕ+ + ϕ−)L+L−

[EOF]

12


