
Probability Density of Asymmetry
Consider two distributions from Poisson distributions have µ+ and µ− as their mean values,
respectively. Suppose we observe N+ and N− from the each distribution.

Poisson distribution:

P̂ (N | µ) =
µNe− µ

N !

On the assumption of Bayesian with flat prior p. d. f, the p. d. f of µ when observe N is given by

P̂ ( µ |N) =
µNe− µ

N !

Probability density function of ( µ+ , µ− ) when observe (N+ , N− )

P̃ ( µ+ , µ− |N+ , N− ) = P̂ (N+ | µ+ ) P̂ (N− | µ− ) =
µ+
N+µ−

N− e− µ+e− µ−

N+ !N− !

For ( µ+ , µ− ) , we define an asymmetry as:

A ≡ µ+ − µ−
µ+ + µ−

( − 1 < A < 1 )

In the polar coordinates
µ+ = r cosθ
µ− = r sinθ

( 0 ≤ r < ∞ , 0 ≤ θ ≤ π/ 2)

tanθ =
µ−
µ+

=
1 − A
1 + A

dθ =
dθ

dA
dA =

− 2cos2θ
( 1 + A) 2

dA

P̃ ( µ+ , µ− ) = P̃ ( r , θ ) =
rN+ +N− cosN+θ sinN− θ e− r ( cosθ+ s inθ )

N+ !N− !

dP =

∫

r= 0

∞
P̃ ( r , θ ) dr · | r dθ | =

∫

r= 0

∞
P̃ ( r , θ ) dr · r

∣∣∣∣
dθ

dA

∣∣∣∣ dA

dP

dA
=

∫

0

∞
dr · rP̃ ( r , θ )

dθ

dA

=

∫

0

∞
dr · r r

N+ +N− cosN+θ sinN− θ e− r ( cosθ+ s inθ )

N+ !N− !

2cos2θ
( 1 + A) 2

= 2
cosN+θ sinN− θ

N+ !N− !

cos2θ
( 1 + A) 2

∫

0

∞
dr · rN+ +N− + 1 e− r( cosθ+ sinθ )

From well known Laplace transformation
∫

0

∞
dr · rν e− rs =

Γ( ν + 1 )

sn+ 1
( − 1 < ν < ∞ )

dP

dA
= 2

cosN+θ sinN− θ
N+ !N− !

cos2θ
( 1 + A) 2

(N+ + N− + 1 ) !

( cosθ + sinθ )N+ +N− + 2

= 2
(N+ + N− + 1 ) !

N+ !N− !

1

( 1 + A) 2

tanN− θ
( 1 + tanθ )N+ +N− + 2

= 2
(N+ + N− + 1 ) !

N+ !N− !

1

( 1 + A) 2

(
1 − A
1 + A

)N−( 1 + A

2

)N+ +N− + 2

=
1

2

(N+ + N− + 1 ) !

N+ !N− !

(
1 − A

2

)N−( 1 + A

2

)N+

1
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